Recently, Zhang et al. [Phys. Rev. A 92, 012332 (2015)] presented 4d − 4 orthogonal product states that are locally indistinguishable and completable in a d ⊗ d quantum system. Later, Zhang et al. [arXiv: 1509.01814v2 (2015] constructed 2n − 1 orthogonal product states that are locally indistinguishable in m ⊗ n (3 ≤ m ≤ n). In this paper, we construct a locally indistinguishable and completable orthogonal product basis with 4p − 4 members in a general m ⊗ n (3 ≤ m ≤ n) quantum system, where p is an arbitrary integer from 3 to m, and give a very simple but quite effective proof for its local indistinguishability. Specially, we get a completable orthogonal product basis with 8 members that cannot be locally distinguished in m ⊗ n (3 ≤ m ≤ n) when p = 3. It is so far the smallest completable orthogonal product basis that cannot be locally distinguished in a m⊗n quantum system. On the other hand, we construct a small locally indistinguishable orthogonal product basis with 2p − 1 members, which is maybe uncompletable, in m ⊗ n (3 ≤ m ≤ n and p is an arbitrary integer from 3 to m). We also prove its local indistinguishability. As a corollary, we give an uncompletable orthogonal product basis with 5 members that are locally indistinguishable in m ⊗ n (3 ≤ m ≤ n). All the results can lead us to a better understanding of the structure of a locally indistinguishable product basis in m ⊗ n.
I. INTRODUCTION
The local indistinguishability of orthogonal quantum states provides an effective tool to explore the relationship between quantum nonlocality and quantum entanglement. Bennett et al. [1] firstly constructed a set of nine orthogonal product states that cannot be perfectly distinguished by local operations and classical communication (LOCC) in 3 ⊗ 3. Their work showed the counterintuitive phenomenon of nonlocality without entanglement, i.e., entanglement is not necessary for the local indistinguishability of orthogonal quantum states. Later, a simple proof for the nonlocality of the nine product states was given by Walgate et al. [2] . Inspired by their work, many scholars are engaged in the research of this problem. With further research, numerous results [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] have been presented up to now. In spite of these huge advances, some basic problems are still incompletely solved, such as the smallest number of the states of an orthogonal product basis that can be completable and cannot be locally distinguished in a high-dimensional bipartite quantum system.
To explore the local distinguishability of pure orthogonal product states in high-dimensional quantum system, Zhang et al. [17] 
. On the other hand, Wang et al. [18] presented a small set with only 3(m + n) − 9 orthogonal product states and proved that they cannot be perfectly distinguished by LOCC in the general m ⊗ n system, where m ≥ 3 and n ≥ 3. Recently, Zhang et al. [21] constructed 3n + m − 4 locally indistinguishable orthogonal product states that do not constitute a unextendible product basis and presented a smaller set with 2n − 1 orthogonal product states that are LOCC indistinguishable in the general m ⊗ n (3 ≤ m ≤ n) quantum system. All the results show it is a meaningful work to research the structure of the locally indistinguishable product basis and the smallest number of locally indistinguishable orthogonal product states in a high-dimensional quantum system.
In this paper, we construct a completable orthogonal product basis with 4p − 4 product states in m ⊗ n and give a simple proof for its local indistinguishability, where 3 ≤ m ≤ n and p is an arbitrary integer from 3 to m. Specially, there exists a completable and locally indistinguishable orthogonal basis with eight members in a m⊗n system (3 ≤ m ≤ n). Eight is so far the smallest number of locally indistinguishable states of a completable orthogonal product basis according to the existing results [21] . On the other hand, we construct a small orthogonal product basis that contains 2p − 1 orthogonal product states and is maybe uncompletable in m ⊗ n , and prove its local indistinguishability, where 3 ≤ m ≤ n and p is an arbitrary integer from 3 to m.
II. PRELIMINARIES
In this section, we introduce some definitions used throughout this paper. Definition 1. [22] . Consider a quantum system H = ⊗ q i=1 H i with q parties. An orthogonal product basis (PB) is a set S of pure orthogonal product states spanning a subspace H S of H. An uncompletable orthogonal product basis (UCPB) is a PB whose complementary subspace H ⊥ S , i.e., the subspace in H spanned by vectors that are orthogonal to all the vectors in H S , contains fewer mutually orthogonal product states than its dimension. An unextendible product basis (UPB) is an uncompletable product basis for which H ⊥ S contains no product state.
We call a PB is completable if it is not an uncompletable orthogonal product basis.
III. LOCAL INDISTINGUISHABILITY OF COMPLETABLE ORTHOGONAL PRODUCT BASIS
In this section, we construct a completable product basis with 4p − 4 members in m ⊗ n and prove its local indistinguishability, where 3 ≤ m ≤ n and p is an arbitrary integer from 3 to m. Theorem 1. In m ⊗ n, the following 4p − 4 orthogonal product states,
cannot be perfectly distinguished by LOCC, where 3 ≤ m ≤ n, p is an arbitrary integer from 3 to m, j = i + 1 when i = 1, · · · , p−2 and j = 1 while i = p−1. It is noted that
Proof. Inspired by Ref. [19, 20] , we give a very simple but quite effective method to prove the local indistinguishability of the 4p − 4 orthogonal product states. To distinguish these states, one of the two parties (Alice and Bob) has to start with a nondisturbing measurement, i.e., the postmeasurement states should be mutually orthogonal. Without loss of generality, suppose that Alice goes first with a set of general m × m positive operator-valued
The postmeasurement states {M t ⊗ I B |ψ i : i = 1, · · · , 4p − 4} should be mutually orthogonal. For the states |ψ i and |ψ j , where
For the states |ψ j and |ψ i+p−1 , where j = i + 1 when i = 1, · · · , p − 2 and j = 1 when i = p − 1, we can get
Now we consider the probability of the measurement outcome corresponding to the measurement operator M t for each of the 4p − 4 states. It is easy to see
for t = 1, 2, · · · , l, where l t=1 a t 00 = 1 according to the completeness of the measurement operators. This means any one of the 4p − 4 states can lead to the outcome that is corresponding to M t with the same probability a t 00 , i.e., the measurement {M t ⊗ I B } is trivial to the 4p − 4 states. In other words, Alice cannot get any information about which the measured state will be by the measurement {M t }. Then if Bob starts with a nondisturbing measurement after Alice has done, he cannot get any useful information as Alice does because of the symmetry of the 4p − 4 states. That is, they cannot perfectly distinguish these states by LOCC.
On the other hand, if Bob goes first and then Alice does, these states cannot be perfectly distinguished either, which can be proved with the same method. So the
In fact, the 4p − 4 states of (1) are completable since they can become a completed orthogonal product basis in m ⊗ n by adding the following mn − 4p + 4 states:
From Theorem 1, we know that the parameter p can be an arbitrary integer from 3 to m. Specially, we have the following corollary by Theorem 1 when p = 3. Corollary 1. In m ⊗ n, the eight orthogonal product states,
cannot be perfectly distinguished by LOCC, where 3 ≤ m ≤ n.
From Refs. [17] [18] [19] [20] [21] , we know that the eight states is so far the smallest completable and locally indistinguishable orthogonal product basis in m ⊗ n (3 ≤ m ≤ n). In fact, there exist two local unitary operators, say U m×m and V n×n , such that
Since the local unitary operations do not change the local indistinguishability of orthogonal states, we have the following conclusion by Corollary 1.
Corollary 2. In m ⊗ n, the eight orthogonal product states,
Now, we give a simple proof for the local indistinguishability of the d 2 states in Ref. [17] and its subset with 6d − 9 states in Ref. [18] by Corollary 2, where d is odd. In fact, both the d 2 states and its subset with 6d − 9 states in d ⊗ d contain the following eight states,
It is obvious that there exist two local unitary operators, say U ′ d×d and V ′ d×d , which satisfy
can change the eight states of (4) to the eight states of (5) when m = n = d ≥ 3. Since the local unitary operations do not change the local indistinguishability of orthogonal quantum states, the eight states of (5) 
IV. LOCAL INDISTINGUISHABILITY OF SMALL ORTHOGONAL PRODUCT BASIS
In this section, we construct a small orthogonal product basis with 2p − 1 members in m ⊗ n (3 ≤ m ≤ n, p is an arbitrary integer from 3 to m), which is maybe uncompletable, and prove its local indistinguishability.
Theorem 2. In m ⊗ n, the following 2p − 1 orthogonal product states,
cannot be perfectly distinguished by LOCC, where 3 ≤ m ≤ n, p is an arbitrary integer from 3 to m, j = i + 1 when i = 1, · · · , p − 2 and j = 1 while i = p − 1.
Proof. Similarly to the proof of Theorem 1, one of the two parties (Alice and Bob) has to start with a nondisturbing measurement to distinguish these states, i.e., the postmeasurement states should be mutually orthogonal. Without loss of generality, suppose that Alice goes first with a set of general m×m positive operator-valued mea-
We can get a 
Therefore, we have
Now we consider the probability of the measurement outcome corresponding to the measurement operator M t for each of the 2p − 1 states. It is easy to see
, where l t=1 a t 00 = 1 according to the completeness of the measurement operators. This means any one of the 2p − 1 states can lead to the outcome that is corresponding to M t with the same probability a t 00 , i.e., the measurement {M t ⊗ I B } is trivial to the 2p− 1 states. That is, Alice cannot get any information about which the measured state will be by the measurement {M t }. Then if Bob starts with a nondisturbing measurement after Alice has done, he cannot get any useful information as Alice does because of the symmetry of the 2p − 1 states. In fact, if Bob goes first and then Alice performs a nondisturbing measurement, they cannot distinguish the 2d − 1 states, either.
Therefore, the 2p − 1 states cannot be perfectly distinguished by LOCC. This completes the proof.
By Theorem 2, the parameter p can be an arbitrary integer from 3 to m. We have the following corollary directly according to Theorem 2 when p = 3.
Corollary 3. In m ⊗ n, the following five orthogonal product states,
are locally indistinguishable, where 3 ≤ m ≤ n.
Specially, the five states of (7) is a UPB when m = n = 3. In fact, Bennett et al. [3] exhibits two results in [3] . One is that a UPB is not completable even in a locally extended Hilbert space. The other is that if a set of orthogonal product states is exactly measurable by LOCC, then the set can be completed in some extended space. Thus, it is obvious that the five states of (7) are uncompletable and locally indistinguishable in m⊗n by the two results, which is coincident with Corollary 3. Since any 4 orthogonal product states are shown to be locally distinguishable [22] , it is easy to see that five is the smallest number of uncompletable and locally indistinguishable product states.
V. CONCLUSION
In this paper, we construct an completable orthogonal product basis with 4p − 4 members that cannot be perfectly distinguished by LOCC in m⊗n, where 3 ≤ m ≤ n, p is an arbitrary integer from 3 to m, and give a simple but quite effective proof. As a special case, we get eight orthogonal product states that can be completable and cannot be locally distinguished in m⊗n (3 ≤ m ≤ n). We show eight is so far the smallest number of locally indistinguishable and completable orthogonal product states. We give a very simple proof for the local indistinguishability of the d 2 states in [17] and its subset with 6d − 9 states in [18] . On the other hand, we construct a samll locally indistinguishable orthogonal product basis with 2p − 1 members in m ⊗ n, which is maybe uncompletable, where 3 ≤ m ≤ n and p is an arbitrary integer from 3 to m. Our work will be useful for us to understand the structure both of completable and uncompletable product bases that cannot be distinguished by LOCC.
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